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Abstract 

We analyze the relationship between quasilocal masses calculated for solu- 
tions of conformally related theories. We show that the ADM mass of a static, 
spherically symmetric solution is conformally invariant (up to a constant fac- 
tor) only if the background action functional is conformally invariant. Thus, 
the requirement of conformal invariance places restrictions on the choice of 
reference spacetimes. We calculate the mass of the black hole solutions ob- 
tained by Garfinkle, Horowitz, and Strominger (ghs) for both the string and 
the Einstein metrics. In addition, the quasilocal thermodynamic quantities in 
the string metrics are computed and discussed. 
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I. INTRODUCTION 



General considerations regarding the structure of quantum gravity suggest that general 
relativity may require some modification, even at energies considerably lower than the Planck 
scale. Dilatonic gravity theories have recently played a prominent role in these considerations 
since dilaton gravity emerges as the low-energy effective field theory limit of string theories. 
The general form of the action of such theories is 

1=1 n e(D(0)i? + #(0)(V0) 2 + y(0)) + / M (1.1) 

J M 

where M. is a n-dimensional manifold with volume n-form n e; D, H, and V are arbitrary 
functions of the dilaton field 0; R is the Ricci curvature scalar; and J M is the matter action. 
In general, the matter action will be a functional of the dilaton, the metric, and whatever 
matter fields are relevant to the system of interest. 

Specification of D, H, and V is tantamount to the specification of a given dilaton theory 
of gravity in the absence of coupling to matter. When D does not depend upon the dilaton, 
the theory represents general relativity with a minimally coupled scalar field. However, we 
may always perform a conformal tranformation, 

g ab = &{4>)gl b , (1-2) 

that will give a metric that is a solution to the field equations obtained from the action of 
eq. ( |Llp with D(<p) oc J? 2 ~ n (0). In eq. ( |1.2j ), the metric representing a solution to Einstein's 
general relativity is denoted by g^ b . 

It is often assumed that physical quantities, such as the mass and thermodynamic vari- 
ables, should be the same for conformally related solutions. For example, in a previous 
paper [|TJ, Garfinkle, Horowitz, and Strominger (ghs) derived the (3+l)-dimensional magnet- 
ically (or electrically) charged string black hole solutions (for which if/4 = D oc exp(— 20)) 
in terms of the Einstein metric by performing the conformal tranformation 

9 S ab = ^9 E ab . (1.3) 

By assuming that a conformal transformation would preserve physical quantities 0] such as 
the ADM mass, they claimed that the ADM mass in the string metric is the same as the one 
in the Einstein metric.^] 

In this paper, we show that the situation is more subtle. Specifically, we show that the 
quasilocal generalization of the ADM mass for systems of finite size |3]}4| is not generally 
conformally invariant. This result is a consequence of the lack of conformal invariance of 
the background action functional that specifies a reference spacetime. The mass is con- 
formally invariant only if the background action functional, which specifies the reference 
spacetime, is required to be conformally invariant. Even then the ADM mass may differ be- 
tween conformally related theories if the conformal transformation does not approach unity 



By ADM mass, we mean the value of the Hamiltonian conjugate to unit time translations at 
spacelike infinity for asymptotically flat spacetimes. 
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at spacelike infinity, but this difference is just a constant factor due to a trivial rescaling 
of the time coordinate. As an illustration, we use the GHS string black hole solutions: We 
calculate the ADM mass directly from the string action using the aforementioned quasilocal 
formalism 01 as well as from the Einstein action obtained via the conformal transforma- 



tion of eq. ( |1.3| ). We show that the ADM masses are the same, up to a constant factor, 
when a suitable background action functional is chosen. In addition, we shall compute the 
thermodynamic quantities relevant to the string metric and show that these are consistent 
with the first law of thermodynamics. It should be noted that the validity of the first law 
of thermodynamics does not depend on the choice of the reference spacetime, although the 
individual thermodynamic variables do. 

In Sec. U, we discuss the general circumstance under which conformal invariance of the 
mass can be expected to hold, and we construct a conformally invariant expression for the 
quasilocal mass for a static, spherically symmetric spacetime. We review the definition of the 
quasilocal thermodynamic variables in Sec. |TTT| . The example of the GHS solution is explored 
in Sec. |V| where we compute the ADM mass in both the string and the Einstein forms of the 
theory. We also calculate the thermodynamic variables for both the electric and the magnetic 
string black hole solutions, and explore their asymptotically large-system-size behaviour. In 
the case of the magnetic string solution, we need to modify the quasilocal formalism to avoid 
the Dirac string singularity in the Maxwell potential. Finally, we summarize our results in 
the concluding section. 

II. CONFORMAL TRANSFORMATIONS AND QUASILOCAL MASS 

We wish to obtain a notion of mass for solutions of theories of dilaton gravity that has 
the property that is invariant under conformal transformations of the solutions. That is, 
given two solutions of conformally related theories that are themselves conformally related, 
we want to have a definition of mass that yields the same value for both solutions. In this 
section we shall address some of the problems involved in the construction of such a mass. 
Let us first summarize what it means for two theories to be conformally related. 



A. Conformally Related Theories 

Consider two theories of dilaton gravity with metrics g a b and g a b, dilaton fields and 0, 
and actions 



M 



-2 f ( n ~%D((f))O-I (2.1a) 

JdM 



and 



M 



-2 f ( n -VeD(4>)G-I . (2.1b) 

JdM 
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Here, dj\4 is the boundary of M. with normal n a , induced metric ^y a b = g a b — n a nb, extrinsic 
curvature a b = — |£ n 7afe, and volume element ( n_1 )e = n ■ n e. The background action J is 
a functional of the fields on dA4 alone; the background action does not contribute to the 
field equations, but it specifies a reference spacetime that effectively defines zero mass. The 
quantities with a tilde are defined similarly. 

We wish to determine the relationship between the functions of the dilaton under the 
requirement that the two theories are related by the conformal tranformation 

~g ab = n 2 (<p)g ab and = T{<f>) . (2.2) 

Under this transformation we have 

n eD{4))R = n e n n ~ 2 D{^)(R - 2(n - 1)V 2 log Q 

-(n-2){n-l)(y{2) 2 ) (2.3) 



and 



-(n-l)n a V a \ogf2) . (2.4) 



It is clear that a necessary condition for the actions of Eqs. ( |2.1| ) to transform each other 
is D(4>) = n 2 ~ n ((f))D((j)). With this relation, we find 

I n eD((j))R-2 [ ^eD(4>)0 

JM JdM 

= [ n e(D((j))R+---)-2 [ {n - l) eD((j))0 (2.5) 

JM JdM 



where we have integrated by parts on the second last term of the right hand side of eq. ( p. 3D . 
The boundary terms so produced are exactly cancelled by the i?-dependent terms from the 
extrinsic curvatures in eq. (|2.4|) . 

The terms in the ellipsis of eq. ( |2.5| ) are quadratic in V log Q and, therefore, are quadratic 
in V0. Upon examination of these terms, it is straightforward to show that equivalence 
between the two theories further requires 

H n- 1 (b'\ 2 \,„ n9 ( H n-l/D'\ 2 \ , , 

and 

jyn/(V-n)y _ ]jn/(2-n)y {2.7) 

where the prime denotes a derivative with respect to the functional argument. (For the 
n = 2 version of these relations, see Ref. ||.) Hence, the actions of Eqs. ( |2.1| ) transform into 
one another under the transformation (|2.2|) , provided the reference actions appropriately 
transform into each other. 
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B. Quasilocal Mass 



Because conserved quantities such as the mass are only well defined with reference to 
the background action I , the conserved quantities defined in a theory given by the action 
of eq. (|2.1a ) will be the same as those defined in a theory given by the action of eq. ( 2.1b ) 



only if the background action functionals also transform into one another under the trans- 



formation (2/2). Then the conformal transformation is just a field redefinition under which 
physical quantities should be invariant. However, if the background action functionals do 
not tranform into each other, then the field equations will still be conformally related, but 
the conserved quantities (and thermodynamic variables) calculated from the solutions will 
not agree in general. 

Thus, it is important to select the appropriate background action functionals. Clearly 
the choice I = has the appropriate tranformation property and is insensitive to any special 
symmetries a given solution may have. However, the mass (and other conserved quantities) 
will not generally have a finite limit as the quasilocal system expands to infinite size. 

Consider as another choice the background action functionals 

J = -2 J Ndtf\ {n - 2) eD(<P)k^t (2.8a) 

and 

J = -2 J Ndt A ( n - 2 ^D(4>)~h.t. (2.8b) 

Here, the timelike boundary T is chosen to contain the orbits of the timelike Killing vec- 
tor (d/dt) a . The lapse function iV = (u a V a t) _1 measures the normalization of the unit 
normal u a to the spacelike surfaces E t of constant t. The quantity k^t is the trace of the 
extrinsic curvature of the {n — 2)-surface T R E t , together with its geometry a a b, in flat 
Euclidean space of dimension n — 1. Similar definitions apply to the variables N and /cfl at . 
Conserved quantities will remain invariant under ( |2.2| ) provided ( |2.8aj ) transforms into ( |2.8b| ) 
under this transformation. 

Let us consider a specific example: Suppose we are interested in a static, spherically 
symmetric (sss) solution to a theory of dilaton gravity given by eq. (|2.1aj) of the form 



ds * = _ N 2 {r) df 2 + + r 2 du 2 (2 

r{r) 

where duj 2 is the line element of a unit (n — 2)-sphere. A natural choice for the boundary, T, 
of the manifold is the history of a [n — 2)-sphere of constant radial coordinate r = r B . (We 
will neglect the initial and final spacelike boundary pieces.) A solution to the conformally 
related theory (|2.1b|) is 



= -tfN 2 {r) dt 2 + - f ' - + Q 2 r 2 du 2 . (2.10) 
i £ J (r) 

We find that fcfl at = —(n — 2)/r B and fcfl at = — {n — 2)/(i?r B ). Thus, we see that the boundary 



action functionals given in ( p.8|) suitably transform into each other. 
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The quasilocal mass is a charge associated with a timelike Killing vector on the 
boundary manifold T. Unlike the quasilocal energy defined below, the quasilocal mass is 
conserved in the sense that it does not depend upon any foliation of the boundary mani- 
fold T; in the absence of matter flux through T, the value of the quasilocal mass does not 
change with time. For a SSS spacetime solution of the form ( |2.9| ) to the theory given by the 
action ( p.laj) with background action (|2.8a|) , the quasilocal mass is [|J 



, (n - 2)A n _ 2 {r)D{(h) 
M(r) = 2N(r) 1 K 



r 
d 



-f(r)-{A n . 2 {r)D{<P))) (2.11) 
where A m (r) is the surface "area" of an m-sphere of radius r: 

4.(0 = ^>W) rm 

1 (m) 



The mass of a SSS solution to the theory given by the action ( 2.1b ) with background ac- 
tion ( ggg ) is 

M r = 2N(r) ( - " 

V Sir 

-/» ^(in-2(r)L>(0))) . (2.13) 

It is easily verified that M(r) = M(r) if the solutions are related by the conformal tranfor- 
mation of eq. (|2.2|) since A n _2(^) = ^ n 2 A n ^2(^)- 

Although the background action of eq. ( |2.8a| ) has many attractive features, there are sev- 
eral limitations to the notion of mass given by eq. (|2.11| ). Because we chose the background 



action functional to be related to the extrinsic curvature of the boundary metric embedded 
in flat space, the definition is only suited to solutions that are asymptotically flat. However, 
the notion of mass can be easily generalized by replacing fcfl at with the trace of the extrinsic 
curvature of the (n — 2)-surface T n E t embedded in a spacelike slice of a SSS spacetime with 
appropriate asymptotic behavior that is considered to be a reference spacetime (if such an 
embedding is possible). For spacetimes that are not spherically symmetric, it is not clear 
whether the background action functional of eq. ( 2.8a|) will have the appropriate conformal 
tranformation property. 

The ADM mass is defined as the value of the gravitational Hamiltonian evaluated on 
a surface at spacelike infinity in an asymptotically flat spacetime. That this definition of 
ADM mass agrees with the original definition |J has been demonstrated in Refs. [p|,|T0| for 
General Relativity. A similar analysis shows that the Hamiltonian for the gravitational 
action of eq. ( |2.1a| ) is the same as the integral over a spacelike hypersurface of the time-time 
component of the metric equation of motion. However, for the SSS metric of eq. ( |2.9|) , there 
is a disagreement between the quasilocal mass and the above notion of an ADM mass: If 
the conformal transformation does not approach unity in the asymptotically flat regime, the 
asymptotic value of the lapse function in one solution will not be the same as the asymptotic 
value of the lapse in the conformally related solution. In the ADM prescription, we would 
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renormalize the time variable (since the solution is static) so that the lapse approaches unity 
as the radius approaches infinity. This will cause the two ADM masses to differ by a constant 
factor equal to the asymptotic value of the conformal factor. 

Rather than choosing the background action functional of eq. ( |2.8a|) , one may choose the 



background action along the lines proposed by Hawking and Horowitz |ID|| : the reference 
action functional I has the same functional form as the rest of the action /, but is a 
functional of the variables (g re i)ab and re f, which are independent of g a b and except on the 
boundary. On the boundary we require (7 re f) a & = j a b and rc f = </>. The reference spacetime 
is the solution to the field equations produced from the action J . Under this prescription, 
the mass of the SSS solution (12. 91) is 



M(r) = 2iV(r)(/ rrf (r) - f(r)) ^-(A,_ 2 (r)D(0)) (2.14) 

ar 



where the reference spacetime solution has the same form as eq. (|2.9| ). Notice that iV rc f = N 
and re f = 4> since these are fields on the boundary manifold, while / re f is independent 
of /. Typically, Minkowski spacetime will be a SSS solution to the field equations generated 
by the reference action functional; if this is chosen as the reference spacetime, then we 
have /ref = 1 in eq. ( 12.14j ). Although the reference action functional I is conformally 



invariant (provided the requirements of the previous subsection are satisfied), the mass of 
eq. ( p.!4| ) will not be conformally invariant because one would naturally choose the same 
reference solution — rather than the conformal transform of the reference solution — in the 
conformally transformed theory. 

Nevertheless, there seem to be situations in which the mass defined by eq. ( [2.14|) is more 



attractive than the conformally invariant mass of eq. Q2.11| ). For example, in the asymp- 



totically anti-de Sitter (2 + l)-dimensional black hole solution of Martinez and Zanelli |TT 



the mass obtained from eq. ( p.!4[ ) is finite (and agrees with the result of Martinez and 



Zanelli) as r — > oo, while the mass obtained from eq. (|2.11 ) linearly diverges as r — > oo. 



Transforming to the "Einstein frame" (i.e., the form of the action with constant D), we find 
that the mass has the same divergent behaviour, as expected since (|2.11| ) was chosen to be 



conformally invariant. In the Einstein frame, the two prescriptions are equivalent, so the 
mass obtained from (|2.14| ) likewise diverges. 

We have shown that the quasilocal mass of a SSS solution of dilaton gravity is conformally 
invariant provided that a suitable background action functional can be chosen. However, we 
should note that the quasilocal energy, representing the thermodynamic internal energy of 
the gravitating system, cannot be conformally invariant for the following reason: although 
the entropy, S, and the surface gravity of a black hole are conformally invariant, the temper- 
ature of a black hole, T, as measured on the finite-sized quasilocal surface, is not conformally 
invariant because of the presence of the blue-shift factor. Thus, the thermodynamic internal 
energy, which must satisfy the first law of thermodynamics, T dS = dE+ work terms, cannot 
be conformally invariant either. In fact, conformal invariance of thermodynamic quantities 
should not be expected because these quantites are observer-dependent (although the laws 
of thermodynamics are not); we discuss the thermodynamic variables in the next section. 
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III. THERMODYNAMIC VARIABLES 



Consider a dilaton theory of gravity given by the action of eq. ([2.1a]) with an additional 
Maxwell-dilaton interaction: 

I M = [ n e\W{(t>)r b da b (3.1) 

J M 

where £ = dQi is the two-form strength of the Maxwell field with one-form potential 21. 
In Ref. it was shown that the first law of thermodynamics for classical SSS black hole 
solutions to such a theory is 

SS = J_Ndr A{5E + S5 {n ~ 2) e 

+fi5(j) + V35Q + & a 5W a ) . (3.2) 

Here, N = (u a V a r) _1 represents the lapse function associated with the foliation of the 
spacetime into spatial hypersurfaces of constant Euclidean time r and timelike normal u a . 
The foliation is degenerate at the event horizon of the black hole; the Euclidean manifold 
must be periodic in time with period At = 2tt/k h (k h is the surface gravity of the event 
horizon) in order to avoid a conical singularity at the event horizon. The manifold T is the 
periodic history of a (n — 2)-sphere quasilocal surface B with volume element ( n_2 )e and 
radius r B . E, fx, £2, and & a are {n — 2)-forms representing the quasilocal surface energy, 
dilaton potential, Maxwell charge, and Maxwell current densities respectively. S is the 
quasilocal surface tension, while 23 = — w a 2l a and 2U a = (J^b with <r ab = 7 afe + u a Ub- The 
entropy of the black hole is given by 

S = 4vr / ^\D{<P) = 4vrA n _ 2 (r H ) J D(0)|^ (rH) (3.3) 
Jn 

where TC is the event horizon (n— 2)-sphere with radius r H , and A„_2(^h) is the surface "area" 
of the event horizon given by eq. Q2.12p . Given the conformal transformation properties of 
the area and the dilaton function D(<j)) stated in the previous section, we see that the entropy 
is conformally invariant. 

Because the solution is static, the r integral yields an overall factor of (3 = NAr, which is 
the inverse temperature on the quasilocal surface. The quasilocal energy, dilaton potential, 
and Maxwell charge can be calculated as follows ||: 

E = J B E = -2A(n a V a D(<P) - D{4>)k) - E (3.4) 

li = = 2A(#(0KV a 

-(dD/d(p)(k-n a a a )) - fi (3.5) 

£} = f B Q = -AW(<j))n a (B a - i} . (3.6) 

Here, a b = u a V a ^ b is the acceleration of the normal vector u a (i.e., the acceleration of an 
observer on the quasilocal surface), k a b = —^£ n a a b is the extrinsic curvature of the quasilocal 



S 



surface as embedded in a spacelike leaf of the foliation, and <E a = $ a bU b is the electric field 
strength. A = A n _ 2 (r B ) is the "area" of the (n— 2)-sphere B given byeq. (|21^) . The Maxwell 



surface current density, & a , should not contribute to the first law of thermodynamics in the 
spherically symmetric there is no preferred direction on the quasilocal surface B. 

However, we will need it in order to calculate the electromagnetic work term for magnetic 
monopoles; the surface current density is given by 

R a = - (n - 2) e W(<f))$ cd a ac n d - R a Q . (3.7) 

The surface tension is given by ||[7| 

S = 2n a V a D( ( p) + 2D( ( p)^n a a a -k(^—^j^ - S . (3.8) 



Because of spherical symmetry, we can re-write eq. (|3.2|) in the differential form 



TdS = dE + SdA + fid(p + V3dQ. (3.9) 

where T = f3~ x is the Hawking temperature blue-shifted to its observed value on the quasilo- 
cal surface. 

Each quantity in Eqs. ( p.4|) -(p^8| ) includes a term (with a subscripted "0") that arises 
from the background action functional I . We shall assume that this action functional does 
not depend on the Maxwell field so that O and 8% both vanish. We further require the 
background action to be a linear functional of the lapse N |3j . Then 

E = - f (5I /5N) (3.10) 
Jb 

is the reference energy |Q; the reference surface tension and dilaton potential can be calcu- 
lated from the reference energy via «S = — (dE /dA) and fi = —(dE /d<f)) f|. 



IV. THE GHS SOLUTION 

The GHS solution [|T]|| in the "string frame" is a solution of equations of motion arising 
from the action 

1=^-1 4 ee- 2 *( J R + 4(V0) 2 -r^) 

167T J M 

-hi****- 1 - (4 - 1) 

We are interested in two solutions of the equations of motion generated by this action: the 
electrically charged and the magnetically charged black hole solution. The magnetic string 
black hole solution is [p]] 

- 2 *-o-Wi_ £.) (4.2a) 
ar ) 
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3 = q dt!) A sin § dip 



(4.2b) 



f 2 (r)=(l--)(l-^) (4.2c) 



r / \ ar 
and 

N(r) = f(r) e 2 ^~ M (4.2d) 

where the line element is given by eq. ( |2.9| ); O , q, and a are constants of integration.^ This 
black hole has an event horizon at r H = la. The electric string black hole solution is || 

a 2 

e -20 = e 20 o + ±_ u . 3a ) 

ar 



2<7> 



S = -±—N(r)dt Af-\r)dr (4.3b) 



/ 2 (r) = 1 + e -20o( < ^ ?M (43c) 

\ ar / 

and 

jV(r) = /(r)e 2W,+ * o) . (4.3d) 

The event horizon for this black hole solution is at r H = e~ 2 ^°(2a — q 2 /a). For both of 
these solutions, the quasilocal mass can be computed with eq. (|2.11|) if we assume that the 
appropriate choice of the background action functional is made. We find lim^oo M(r) = 
a for the electric solution and ae~ 2 ^ for the magnetic solution. 

Using the conformal transformation (|1.3| ) with the conformal factor given by eq. (|4.2a ) 



and eq. ( f4.3a| ) for the magnetic and electric solutions respectively, we recover the solution 



in the "Einstein frame." Let g = re the metric in the Einstein frame then yields 

tf =* ,4,+ ?4w t ^ (4 - 4) 

for either the magnetic or electric cases. This is a solution of the theory given by the action 
in the Einstein frame: 



/ = f 4 e (R - 2(V0) 2 - e- 2 ^ ab d ab ) 

167T J M 

3 eO-I . (4.5) 



1 

'8tt 



r 



2 The constant of integration, a, is the combination of constants me^° used in Refs. 
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If the background action function is chosen appropriately, then eq. ( |2.11|) can be used to 
calculate the ADM mass of the solution (|4.4j) for both the electric and the magnetic cases. 
We find lim^oo M(g) = a for the electric solution and ae~ 2( ^ for the magnetic solution. As 
expected, these masses agree with those we obtained from the metric in the string frame. 
However, when <p ^ 0, the conformal transformation does not approach unity at spatial 
infinity, and thus the lapse function Ne~^ of eq. (|4.4j) also fails to approach unity at spatial 
infinity. Since the solution is static, we can rescale the time coordinate: t — > t new = e ±( ^ 
where the plus (minus) applies to the magnetic (electric) solution. The new lapse function 
is Ne~^ T< ^°\ The mass rescales by a constant factor, and the result M ADM = ae~^° is 
obtained for both the magnetic and electric solutions, in agreement with Refs. Jl]U. We 
note that such a rescaling is always possible for static solutions and, unless there is some 
required asymptotic behaviour for the lapse function, the definition of mass contains an 
arbitrary constant factor. 

Consider now the mass defined by eq. ( [2.14 ) with the reference solution of Minkowski 
spacetime with a constant dilaton. In the Einstein frame, the mass of eq. ( |2.14 ) agrees with 
the mass of eq. ( |2.11| ) because D is constant. However, in the string frame, eq. (|2.14| ) yields 
M = (a — q 2 /(2a)) for the electric solution and M = e~ 2 ^°(a + q 2 /(2a)) for the magnetic 
solution. Clearly the mass is not conformally invariant when eq. ( |2.14j ) is used. 



A. Thermodynamics of the Electric String Solution 

The electric string solution is given by Eqs. ( ^4.3| ). We can evaluate the extensive ther- 
modynamic variables using Eqs. (|3.3|), (|3.4|), and ( |3.6|) . We find 

is the entropy of the black hole, 

E = -/(r B ) (r B e- 2 ^ - £) - E { 

is the quasilocal energy, and 

O = q (4.8) 

is the Maxwell charge. Note that we can solve eq. ( |4.6| ) for the parameter a to obtain 
an expression for a in terms of the extensive variables S, H, 0, and A = 4irr 2 . We can 
write f{r B ) in terms of these extensive variables and, thus, write E = E(S, A, 0,H). The 
zero of the energy, E , is set by the background action functional via ( |3.10|) . 

The intensive variables include the temperature, the surface tension, the dilaton poten- 
tial, and the Maxwell potential. The temperature is T = K H /(27rA) with k h = f(dN/dr) 
evaluated on the event horizon. We find 



(4.7) 



3 In fact, the mass in the Einstein frame and in the string frame agree for a quasilocal boundary 
at any radius, not just at spacelike infinity. 
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Using eq. (|3.8|), we compute the surface tension, 



s -M ,{r ' ) ^-^ + 7h)- & '- (410) 

We use eq. (|3.5| ) to calculate the dilaton potential: 

A* = -/(r B ) (2r B e- 2 * - f) - -±- - ^ . (4.11) 
V 2a J f(r B ) 

The contributions of the reference spacetime to the surface tension and dilaton potential, S 
and fjL , are determined in terms of E as stated at the end of Sec. [TIT]. Finally, the Maxwell 
potential, QJ, is given by || 

* = WT)£ »"*=-s« rJ - (412) 

Notice that QJ is finite on the event horizon. 

We can express the quasilocal energy ( |4.7| ) in terms of the extensive variables S, A, 0, 
and H using ( |4.6|) and ( |4.8| ). It can then be shown that 

^ dE „ BE dE , ^ dE . . 

r = 5s- 5 = -5I- " = -af and m ' (413) 

Thus, the quasilocal energy is the appropriate choice for the thermodynamic internal en- 
ergy of the gravitating system contained within the quasilocal boundary; we have explicitly 
demonstrated the first law of thermodynamics given by eq. (|3.9|) . This thermodynamic 
relation is independent of the choice of the background action functional J and, thus, inde- 
pendent of the choice of E . 

Let us examine the asymptotic behaviour of the thermodynamic variables for large values 
of r B or, equivalently, for small values of u = l/r B . The Maxwell charge, H = q, and the 
entropy, S = 27re~ 2 ^°(2a 2 — q 2 ), are both independent of the size of the quasilocal system. 
The quasilocal energy has the following behaviour: 

2 

E = {-e 2 ^- 1 +(a-—)+ 0(u)} - E . (4.14) 
Unless E is suitably chosen, the quasilocal energy will diverge as r B — > oo. The temperature, 

T = —5— {e 2 ^ + ( a + £-) u + 0(u 2 ) ), (4.15) 



87ra I V 2a 

approaches the value e 2< ^°/(87ra) as r B — > oo, and the Maxwell potential, 

Q 



2J = - 

2a 



jl + e- 2 *°(g 2 /2 - a 2 )u + 0(m 2 )}, (4.16) 
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approaches —q/(2a). The surface tension and the dilaton potential have the following be- 
haviour: 



and 

,= {-2e*.- + ( -^) +0 (.)} + Q (4.18) 

respectively. As with the energy, the asymptotic behaviour of these functions depends upon 
the choice of background action functional; in particular, the dilaton potential will diverge 
as r B — > oo unless a suitable choice for E is made. We will consider two possible choices of J 
and calculate the asymptotic behaviour of the energy, the surface tension, and the dilaton 
potential. (In the trivial case I = 0, we see that the energy and the dilaton potential both 
diverge as r B — > oo.) 

Our choice of J is the functional of eq. 
and S = —e~ 2 ^/ (87rr B ). The quasilocal energy is finite in the limit r B — > oo and approaches 
the value a; the dilaton potential is also finite and approaches q 2 /(2a) in this limit; the 
surface tension, S ~ 0(u 3 ) for large values of r B . 



I8a). We find E 



r B e" 



2r B e" 



-2<p 



B. Thermodynamics of the Magnetic String Solution 



Recall now the magnetic string solution of Eqs. ( |4.2|) . We wish to construct the thermo- 
dynamic variables in the same way as we have just done for the electric string solution. The 
entropy and the energy can both be calculated as before. They are 



i 2 — q 2 
ar B - q 

and 



S = 2ixar B e- 2<t >( 2a2 q l ) (4.19) 



2 

E = - e - 2 ^ (/(r B )r B + ^(r B )|-) - E (4.20) 



respectively. We can also calculate the following intensive variables as before: The temper- 
ature is 



T = — , (4.21) 



the surface tension is 



S = ^-e~ 2 ^ (/(r B )r B + N(r B )f + -f-) - <S , (4.22) 
87rr B V 2o Jv(r B )/ 

and the dilation potential is 

A* = (2/(r B )r B + iV(r B )|^ + ^) - Mo . (4.23) 
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There is a difficulty in evaluating the electromagnetic work term. It is not possible 
to produce the Maxwell field strength of eq. ( f4.2b|) with a non-singular potential 21. For 
example, the potential 21 = q(l — cosfi) dip has a Dirac string singularity at d = it. Because 
the terms in eq. (|3.2| ) that give rise to the Maxwell work terms involve projections of the 
potential, 21, it is necessary to invoke some trick to avoid the Dirac string singularity in 
the surface integral. Let 5Q M denote the element of work from the Maxwell field. From 
eq. (PT2|), we have 

(3 SQ M = J_NdrASi a 5W a (4.24) 

where the "23 term does not appear because £2 vanishes for purely spatial Maxwell field 
strength two-forms. The topology of the Euclidean manifold, Ai, is D 2 x S 2 where D 2 is a 
two dimensional disk and S 2 is a two-sphere. Consider instead the Euclidean manifold M. 
with topology D 2 x Sg where S$ is the fragment of a sphere $ G [0, 8) where 9 < n. The 
boundary of this manifold, T, consists of the (periodic) history of the sphere fragment Sg of 
radius r B , and the (periodic) history of the cone, Cg, of constant $ = 6 and radius running 
from the event horizon r H to the boundary r B . Because the solution is static, we find 

(35Q m = At([ N& a 5VB a + [ N& a 5ZB a ) . (4.25) 
Vsg Jcl > 

Notice that the integral now avoids the Dirac string singularity. 

Using eq. fl3.7Q we see that & a = on Sg. However, on Cg, we have 



-20 

47rr 3 sin 6 

and 



&> = 2 e 6 , q (4.26) 



W v = q(l -cos 9) . (4.27) 

The volume element on Cg can be written 2 e = —f~ 1 (r)dr A rsinOdtp where the negative 
sign arises because the unit normal, n a = r~ l (d/dd) a , points inwards, eq. ( [4.25| ) can be 
computed: 

^-K^)(S(^-^)>- 

Now we assume that Q M = lim^ Q u . Furthermore, we write Q M = 2350 and, thus, define 

£2 = q (4.29) 

and 

-20 1 ( 1 1 



The quasilocal energy can be written in terms of the extensive variables S, A, 0, and Q. 
Then the relations of eq. (|4.13|) can be shown to hold. Thus, the definition of the thermo- 
dynamic variables are consistent with the first law of thermodynamics (|3.9| ). 
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The entropy, S = 2ne 2< ^°(2a 2 — g 2 ), and Maxwell charge, = q, are independent of 
the size, r B , of the quasilocal region. For r B — > oo, T — > (8ira)-\ and 03 -> -e- 2 ^/(2a). 
Finally, we demonstrate the asymptotic behaviour of the energy, the surface tension, and 
the dilaton force for small values of u = l/r B . We find 

2 

£ = e" 2 ^ {n- 1 + (a + + O(u)} - £ (4.31) 

5 = s •-*{»- t -'^h (fr) (4 - 32) 



and 



^ = e -^° (_ 2u -i + ( tt + ^ + 0(tt a + (0g>\ (433) 



2a 



respectively. For the background action functional of eq. ( 2.8a| ), we have E = — e "'/; 



Then the quasilocal energy approaches the value e 2< ^°a as r B — > oo, and the dilaton potential 
approaches e~ 2 ^°(a + g 2 /(2a)). For large r B , 5 ~ 0(ii 3 ). 

V. SUMMARY 

We have shown that conformal invariance of conserved quantities such as the mass is 
not automatically guaranteed: it crucially depends on the choice of the background action 
functional. We have presented a background action functional that yields a conformally 
invariant quasilocal mass for static, spherically symmetric spacetimes, but it is not clear if 
this conformal invariance will continue to hold for more general solutions. This quasilocal 
mass evaluated as r — > oo for asymtotically flat spacetimes will recover the ADM mass up 
to a constant factor. There is no guarantee that this conformally invariant mass is finite, as 
illustrated by the non-asymptotically flat solution of Ref. [pl| . We have also presented an 



alternate choice of reference action functional based on the one suggested by Hawking and 



Horowitz | lQfl . However, the resulting mass is not conformally invariant. 

We have illustrated the calculation of the above masses for the Garfinkle, Horowitz, and 
Strominger ]l],|2| static, spherically symmetric string black hole solutions. We found that the 
quasilocal mass with our proposed background action functional is conformally invariant, but 
that the mass arising from the action with the reference given by the prescription of Hawking 
and Horowitz is not. In addition, we calculated the internal energy and other thermodynamic 
variables for these solutions. For the magnetically charged black hole solution, we adopted 
a trick to avoid the Dirac string singularity. The first law of thermodynamics is found to 
hold for these thermodynamic variables. Although the individual thermodynamic variables 
depend on the choice of the background action funtional, the first law of thermodynamics 
does not. Also, the first law of thermodynamics is conformally invariant even though the 
individual thermodynamic variables are not. 
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